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A light collective # + baryon state (with strangeness +1) was predicted via rigid-rotor collective 
quantization of SU(3) chiral soliton models. This paper explores the validity of this treatment. A 
number of rather general analyses suggest that predictions of exotic baryon properties based on this 
approximation do not follow from large N c QCD. These include an analysis of the baryon's width, 
a comparison of the predictions with general large N c consistency conditions of the Gervais-Sakita- 
Dashen-Manohar type; an application of the technique to QCD in the limit where the quarks are 
heavy; a comparison of this method with the vibration approach of Callan and Klebanov; and the 
1 /N c scaling of the excitation energy. It is suggested that the origin of the problem lies in an implicit 
assumption in the that the collective motion is orthogonal to vibrational motion. While true for 
non-exotic motion, the Wess-Zumino term induces mixing at leading order between collective and 
vibrational motion with exotic quantum numbers. This suggests that successful phenomenological 
predictions of 6 + properties based on rigid-rotor quantization were accidental. 



I. INTRODUCTION 

A narrow baryon resonance with a strangeness of 
+1 (i.e. containing one excess strange antiquark) has 
recently been identified by a number of experimental 
groupsjlj. Such a state is exciting: it is unambiguously 
exotic in the sense that it cannot be a simple three-quark 
state. These experiments have spurred considerable the- 
oretical activity. Much of this activity has been aimed 
at understanding the structure of this exotic state. The 
most common treatment of this problem has been based 
on variants of the quark model; the new baryon is iden- 
tified as a pentaquarkQ- Other approaches treat the + 
in terms of meson- baryon binding]]!, Q or as a kaon-pion 
nucleon state or are based on on QCD sum-rules 0. 
While these approaches are all interesting, they are are 
also all highly model dependent and it is difficult to as- 
sess in an a priori way their validity. A discussion of 
some the issues raised by various models may be found 
in @. 

The analysis based on the SU(3) chiral soliton model 
treated with rigid-rotor quantization || |tj 0, 0, 
appears different from other treatments of the 6 + struc- 
ture in a number of ways : i) The approach was used 
to predict the state and its properties |& . In contrast 
most of the other treatments were subsequent to the ex- 
perimental discoveries, ii) The predictions of the mass 
were very accurate @; the width was predicted to be 
narrow[9j, which is consistent with the widths presently 
observed 0. iii) The prediction of the mass is totally 
insensitive to the dynamical details of the model. The 
analysis holds regardless of the detailed shape of the pro- 
file function that emerges from the dynamics. 

While the first two points are certainly of interest, the 
third point is of far greater significance from the point 
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of view of theory. It was noticed quite some time ago 
by Adkins and Nappi that a number of relationships be- 
tween observables in chiral soliton models depend on the 
structure of the models and their symmetries, but do not 
depend on the dynamical details such as the parameters 
in the lagrangian Moreover, these relations were 

derived in a fully model-independent way directly from 
large N c using consistency relations (la Ha . \YA Il8 | . 

In light of this, it is natural to conjecture that the 
relationships between masses underlying the analysis in 
refs. @, 0j llfl Ell E3 which do not depend on the dynam- 
ical details of the model are similarly model-independent 
consequences of large iV c QCD. If this is true, it greatly 
aids in our understanding of the 9 + : modulo corrections 
due to 1/N C effects of higher order effects in SU(3), the 
9 + seems essentially understood. However, it remains 
quite controversial as to whether this is indeed the case. 

In a previous paper [l^, it was argued that the pre- 
diction of properties of exotic states based on rigid-rotor 
quantization are not generic predictions of large N c QCD. 
Before discussing the content of this paper, a linguistic 
issue should be addressed to avoid possible confusion. 
The analysis is done in a 1 /N c expansion so one must be 
able to consider systems with varying N c . Accordingly 
throughout this paper the phrases "exotic state" or "ex- 
otic baryon" refer to states which are exotic for the given 
value of N c which is relevant (and not necessarily for 
N c = 3); i.e., those baryons which cannot be described 
in a quark model with N c quarks. Clearly states with 
positive strangeness are exotic for any N c . 

Two basic arguments were presented in ref. fl9| which 
suggest that the rigid-rotor quantization is not valid for 
exotic states. The first was based on large N c consistency 
rules of the sort discussed above. All of the previously 
known model independent properties of baryons were de- 
rived from such relations. However, such relations do not 
predict the existence of collective exotic states at large 
N c . The only collective states predicted are precisely 
those with the same quantum numbers as those which 
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emerge in a large N c quark model with all quarks in the 
lowest s-wave orbital. The second argument was that 
the excitation energies of the exotic state of order N® is 
inconsistent with the type of scale separation needed to 
justify collective quantization. 

Itzhaki, Klebanov, Ouyang and Rastelli (IKOR) 3] 
reached similar conclusions about the validity of the rigid 
rotor approximation for exotic states from a rather dif- 
ferent starting point: the treatment of SU(3) symme- 
try breaking. It is clear that for large symmetry break- 
ing fluctuations into the strangeness direction are of a 
vibrational character and the appropriate formalism to 
describe these are the Callan-Klebanov "bound state" 
approach|20). For the case of non-exotic baryons it can be 
shown that as the SU(3) symmetry breaking goes to zero, 
the predicted energies and spatial distributions in the 
Callan-Klebanov approach match those of the rigid-rotor 
quantization!^]; the two approaches are compatible for 
non-exotic states in the regime where both should work. 
In contrast, at small but nonzero SU(3) symmetry break- 
ing the excitation energy for exotic states such as the 
9 + as calculated via the rigid-rotor treatment does not 
match smoothly onto the Callan-Klebanov value. IKOR 
took this as evidence that rigid-rotor treatment, while 
valid for non-exotic states, gives spurious results for ex- 
otic states. 

Pobylitsa[2l| also concluded that rigid-rotor quantiza- 
tion failed for exotic states based on a study of an exactly 
solvable toy model of the Lipkin-Meshkov-Glick type |22fl . 

Despite the arguments in refs. 0,0,0], it is not uni- 
versally accepted that rigid-rotor collective quantization 
of chiral soliton models is invalid for exotic baryon prop- 
erties. Diakonov and Petrov|2^ have recently argued 
that that rigid-rotor collective quantization is accurate 
for such states up to 1/N C corrections, and have specifi- 
cally attempted to rebut the argument in ref. 0]. Both 
a general analysis as to why the authors believe the argu- 
ment of ref. [I3 is incorrect and a toy model to illustrate 
the point are given. However, as will be discussed below, 
the general arguments are flawed and the toy model is 
not anlagous to the problem of interest. 

It is hoped that the present paper will end help this 
controversy by giving convincing evidence that the rigid- 
rotor collective quantization is not valid at large N c , 
Given this goal, it is important to state precisely what 
is meant by this claim so as to minimize possible misun- 
derstandings. The claim is formal. If rigid-rotor quanti- 
zation were valid at large N c , then predictions based on 
it would become arbitrarily accurate as iV c — > 00 (i.e., 
there are no corrections due to other effects which sur- 
vive at large N c ). Arguments are given here that this 
is false: even at large N c there are nonzero corrections. 
This is in contrast to properties of non-exotic baryons for 
which calculations based on rigid-rotor quantization do 
become arbitrarily accurate. 

It is important to make quite clear the fundamental na- 
ture of the difficulty with the rigid-rotor collective quan- 
tization. The issue is not related to whether this treat- 



ment based on large N c analysis is a good approximation 
to the physical world of N c = 3, but to the nature of 
exotic states in the large N c world. 

This paper presents evidence for the invalidity of the 
rigid-rotor quantization for exotic baryons. Several gen- 
eral arguments are presented showing that the rigid-rotor 
quantization leads to predictions of exotic baryon proper- 
ties which are inconsistent with known large N c results. 
These general arguments strongly suggest an inconsis- 
tency between various predictions of exotic baryon prop- 
erties at large N c as based on rigid-rotor quantization 
and the known behavior at large N c . If correct, they 
imply a flaw in the original derivation of the rigid-rotor 
collective quantization of refs. for these exotic states. 
Such a flaw must give spurious results for exotic states 
while being valid for non-exotic states. An analysis of 
the derivation indicates where such a flaw may lie. The 
derivation implicitly assumes the orthogonality of collec- 
tive and vibrational motion. However, the Wess-Zumino 
term induces a coupling between vibrational modes and 
the collective motion associated with exotic excitations 
which spoils this orthogonality. 

This paper is organized as follows: In the fol- 
lowing section the salient features of the treatment 
of exotic baryons based on the rigid-rotor collective 
quantization H H E3 [H E3 is briefly presented. The 
next section discusses the large N c scaling behavior of 
the mass splittings between exotic states and the ground 
state. Following this, a scries of arguments arguments are 
presented that indicate that the collective quantization 
treatment yields results in conflict to what one expects 
from general large N c considerations. A section detail- 
ing a possible flaw in the original derivation of rigid-rotor 
quantization as applied to exotic states is next, followed 
by a discussion of the claims of ref. j2^] which purports to 
demonstrate the validity of rigid rotor. The final section 
discusses the significance of these results in light of the 
recent experimental reports of exotic s=l baryons. 



II. RIGID-ROTOR PREDICTIONS FOR 
EXOTIC BARYONS 

There are a number of important assumptions which 
go into the predictions of exotic baryon states in refs. 8, 
HI EU EH E3 • These include the assumption that low- 
order perturbation theory in the strange quark mass is 
justified for real world values, the assumption that 1/N C 
expansion truncated at low order is justified for these 
observables for N c = 3 as well as the assumption that 
rigid-rotor quantization is valid for exotic states. This 
paper focuses on the issue of the validity of rigid-rotor 
quantization. It is worth bearing in mind, however, that 
these other assumptions are not totally innocuous. For 
examp le, p rior to the experimental observation of the 6 + , 
Weigel 24] observed that effects which were higher-order 
in the strange quark mass induced mixing between the 
vibrational and collective modes which had nontrivial ef- 
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fects on predictions of the properties of the exotic states. 
However, the central questions of principle addressed in 
this paper are seen at leading order in 1/N C and in the 
exact SU(3) limit and we review the leading order treat- 
ment below. 

The analysis is based on a standard treatment of SU(3) 
chiral soliton models developed in the mid-1980s plj. The 
starting point in the analysis is a classical static "hedge- 
hog" configuration in an SU(2) subspace (which for con- 
venience one may take to be the u-d subspace). The 
profile function of this hedgehog is obtained by minimiz- 
ing the action for a static configuration subject to the 
constraint that the baryon number (which is taken to be 
the topological winding number for the chiral field) is 
unity. The detailed shape of the profile function depends 
on the model — the types of couplings included in the val- 
ues of the parameters, and so on. However, the general 
structure of the theory is completely model independent. 
As noted above, for the present purpose it is sufficient 
to consider the exact SU(3) symmetric limit of the the- 
ory. In the absence of symmetry breaking effects there 
are eight collective (rotational) variables. That is, there 
are eight flat directions in which one can rotate to the 
classical configuration to obtain a new classical configu- 
ration which also corresponds to static solutions of the 
classical equations of motion. 

These collective variables are then quantized semi- 
classically using an SU(3) generalization]^ of the usual 
SU(2) collective quantization scheme 26] . If the classi- 
cal collective motion is fully decoupled from the internal 
motion of the hedgehog shape, then one can quantize 
the two motions separately. Assuming this to be true, 
the dynamics of the collective variables are expressed in 
terms of time-dependent SU(3) rotations on the hedge- 
hog shape 



U(x,t) = R{t)U (x)R\t) 



(2.1) 



where R(t) is a global (space-independent) time- 
dependent SU(3) rotation, and Uq is the hedgehog so- 
lution. Inserting this equation into the full lagrangian 
yields a collective lagrangian whose variables are R and 
R. By a standard Legendre transformation this can be 
converted into a collective Hamiltonian. This collective 
Hamiltonian is given by 



-ffrnt = Mr) 



1 3 1 7 

5 J ' A + 2h 5. ^ ' 



(2.2) 



A=l 



A=A 



where Mq is the mass of the static soliton and I\ (I2) 
is the moment of inertia within (out of) the SU(2) sub- 
space, and J' A are generators of SU(3) in a body-fixed 
(co-rotating) frame. The moments of inertia are com- 
puted in the standard way: 



J'a 
J'a 



h& A for A = 1,2,3 



The numerical values of the moments of inertia are model 
dependent but the structure of the collective Hamiltonian 
is not. 

Before proceeding, a few comments on the generality 
of this procedure is in order. While it is easy to see that 
the precise procedure outlined above is only applicable to 
models in which the chiral field is the only degree of free- 
dom, the ultimate result of any analysis valid at large N c 
will yield a collective Hamiltonian precisely of the form of 
eq. <|2.2|) provided the assumption that the collective and 
vibrational modes decouple is valid. In particular, modi- 
fications to this procedure are needed for models which 
have first time derivatives of fields in the Lagrangian. 
For example, in models with explicit quark degrees of 
freedom, one has a nonzero quark contribution to the 
moments of inertia which can be computed via a stan- 
dard "cranking" procedure borrowed from many-body 
physics |271 . and introduced into chiral soliton physics in 
refs. |23,|23. The method was first used for the SU(3) 
quark-soliton mode by McGovern and Birse|3(j- With 
such a treatment the quark contributions to the moments 
of inertia are given by 



.quark _ N csr \(l\\ A \0)\ 2 

7 i - TZ^ A -1,2,6 

,4 = 4,5,6,7 (2.4) 



.quark _ N c ^ \(i\\ A \0)\ 2 
2 ~ T4- 6,-eo 



where \i) (e,) are the single-particle quark eigenstates 
(eigenenergies) for quarks propagating in the static back- 
ground of the hedgehog fields. The state i = corre- 
sponds to the quark ground state; the factor of iV c reflects 
the fact that there are N c quarks in the system, each in 
the ground state in a mean-field treatment. However, for 
the present purpose the key point is that although the 
quantization requires a treatment somewhat more sophis- 
ticated than that used in eq. (|2.1|) . the sole effect of this 
added sophistication is a change in the numerical value 
of the moments of inertia; the structure of the collective 
Hamiltonian in eq. (|2.2|l remains valid provided the cen- 
tral assumption that the collective and rotation degrees 
of freedom decouple is correct. 

In quantizing the collective Hamiltoninan in eq. (|2.2|l . 
a constraint plays an essential role: 



N C B 
2V3 



(2.5) 



for A = 4, 5, 6, 7 . 



(2.3) 



where B is the baryon number. In the context of Skyrme- 
type models this quantization condition is deduced from 
the topology of the Wess-Zumino term [25|. As noted by 
Witten 31], this constraint can be understood in analogy 
to the constraint on the body-fixed angular momentum 
which arises when quantizing a charged particle in the 
field of a magnetic monopole. 

The masses which emerge from eqs. <|2.2ll and (I2.5f) may 
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be found easily. Using the fact that 



c 2 



(2.6) 



A=l 



A=l 



where C 2 is the quadratic Casimir operator and J a is a 
generator in the space-fixed frame, one can rewrite the 
collective Hamiltonian as 



Mo 



1 



* A=l 



2hh 



E^ 2 

A=l 



1 

2h 



T'2 



(2.7) 

Equation (|2.5|) can be used to replace the last term. 
Moreover, the intrinsic SU(2) subspace satisfies the usual 
SU(2) soliton rule that I = J. Together these relations 
allow one to express the eigenstates of H mtl i.e., the phys- 
ical masses: 



M 



Mo 



with C2 = (p 2 



C 2 (I 2 -h)J(J + l) N 2 C 
2J 2 2hl 2 24/ 2 ' 

+ q 2 +pq + Hp + q))/3, (2.8) 



where C 2 , the quadratic Casimir, is expressed in terms of 
the traditional labels p, q which denote the SU(3) repre- 
sentation. The quantization condition in eq. I|2.5|l greatly 
limits the possible SU(3) representations which can be 
associated with physical states: those SU(3) representa- 
tions which do not contain states with hypercharge equal 
to -/V c /3 are clearly unphysical: if the hypercharge in a 
body-fixed frame satisfies eq. Q2.5[l . then that represen- 
tation will of necessity include a state with that hyper- 
charge. Angular momentum also limits the physically al- 
lowed representations. In the body-fixed frame the SU(2) 
manifold has I — J and 5 = 0, which implies that the 
number of angular momentum states associated with rep- 
resentation, (2 J+l), must equal the number of states in 
the representation with 5 = 0. This whole procedure 
is rigid-rotor collective quantization. The moments of 
inertia are treated as constants independent of the rota- 
tional state of the system and in that sense corresponds 
to a rigid rotor. 

There is a practical issue about how one one chooses to 
implement this procedure. One natural approach would 
be to choose to quantize the theory at large N c and then 
to treat systematically all 1/N C corrections. An alterna- 
tive approach would be to fix N c = 3 at the outset when 
implementing the quantization condition of eq. (|2.5|l . If 
the approach is valid and if N c = 3 can be considered 
large, it ought not make any difference which of these 
approaches is used. The choice of taking N c = 3 at the 
outset has been the one typically made[25j. Making this 
choice, it is straightforward to see that the lowest-lying 
states are: 



J = 1/2 (p,q) 
J = 3/2 (p,q) 
J = 1/2 (p,q) 



(1,1) (octet) 

(3, 0) (decuplet) 

(0,3) (anti - decuplet) . (2.9) 



Equation l|2.8|l can be used to find the mass splitting of 
the decuplet and the anti-decuplet relative to the octet: 



Mi 



M s 



M 8 = 



3 

2JT 
3 

2h 



(2.10) 
(2.11) 



The prediction of an anti-decuplet representation is at 
the heart of the issue. The anti-decuplet contains a state 
with s=+l (which has been identified with the 8 + ). Such 
a state is necessarily exotic, even in the large iV c limit. 

In outlining the rigid-rotor quantization procedure, 
large N c QCD considerations appeared explicitly only 
when discussing the quantization constraint of eq. (|2.5|l . 
In fact, large N c considerations are at the core of the 
method and have been used implicitly throughout in two 
essential ways. In the first place, large N c is necessary for 
the justification of the classical static hedgehog configu- 
rations in an underlying quantum theory. Standard large 
N c scaling rules for couplings ensure that effects of quan- 
tum fluctuations around the hedgehogs are suppressed 
by l/N c . Large iV c also plays a central role in justifying 
the semi-classical treatment in the rigid rotor collective 
quantization which requires the decoupling of the col- 
lective motion from the vibrational motion around the 
static of the hedgehog. This is also suppressed by l/N c , 
at least in certain situations. It should be clear from 
the previous comment, however, that the validity of the 
rigid-rotor collective approach depends on restricting its 
application to those modes which decouple from the vi- 
brational ones. This issue is at the heart of the present 
paper. 

Most treatments of SU(3) solitons identify the octet 
and decuplet states with the known N c = 3 octets and 
decuplets. Until fairly recently, the anti-decuplet was 
often assumed to be a large artifact of large iV c QCD 
and hence ignored for essentially the same reason that 
I=J=5/2 baryons are ignored in SU(2) soliton models 
[2^| . The central point of ref. is that the anti-decuplet 
should be taken seriously. The authors of ref. [9j dis- 
tinguish the situation of anti-decuplet for SU(3) solitons 
from the J=I=5/2 baryons in SU(2) in terms of their 
widths. The J=I=5/2 baryon width is predicted to be so 
wide with real world parameters that the state can not 
be observedjl^, while the computed 6 + width turns out 
to be quite small. 



III. LARGE N c SCALING OF MASS 
SPLITTINGS 

The analysis presented above is based on making the 
choice to fix N c = 3 at the outset when implementing the 
constraint of eq. (|2.5|l . This is not a reasonable way of 
doing phenomenology but may obscure the large N c scal- 
ing of the system. Consider the scaling of the splitting as 
given in eq. (j!TTT|) . Botn h ~ N c and I 2 ~ N c , eq. (|2TT|) 
and this appears to imply that (M10 — Mg) ~ 1/N C and 
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(Mjq — M s ) ~ l/N c . Thus the exotic states appear to 
behave similarly with the non-exotic states at large N c . 
However, this is misleading. It has been known for some 
time that the exotic states have mass splittings relative 
to the ground state of order N° and not iVr 1 ^!^!!^. 
To see how this arises we explore the implementation of 
eqs. (|2.5H and (|2.8|) for N c arbitrary and large. 

In studying large N c baryons it is useful to restrict 
attention to the case of odd N c ; this ensures that the 
baryons are fermions. The lowest-lying representation 
for odd N c consistent with the quantization condition in 
eq. 1|2.5[) is (p,q) = (l, 2 ); this representation can 
easily be shown to have J = 1/2 using the method de- 
scribed in sect. [H] The Young tableau for this represen- 
tation is given in diagram a) of fig. ^ Note that this 
representation does not correspond to any of the usual 
representations at N c — 3, and, in particular, is not an 
octet. However, the states in this representation do in- 
clude those in the usual octet. Accordingly it is natural 
to take this representation to be the large N c generaliza- 
tion of the octet. This representation may be denoted 
"8" ; the quotation marks act as reminders that this is 
not the octet but its large N c generalization. 

Similarly, the next representation has (p, q) = 
(3, which has J = 3/2. The Young tableau for 

this representation is given in diagram b) of fig. ^ This 
representation contains all the states in the usual decu- 
plet and can be regarded as the large N c generalization of 
the decuplet; accordingly, this representation is denoted 
by "10". The mass relation in eq. (|2.8|l then gives the 
mass splitting of the "10" from the "8" : 

M«io» - M« 8 » = — (3.1) 

111 

The splitting obtained at large N c is thereby identical 
to the analogous result for the decuplet-octet splitting 
in eq. i|2.10fl which was obtained with the assumption 
N c = 3. The N c scaling of this splitting is found to scale 
as A" 1 (since 1% scales as N c ). Thus the representations 
become degenerate as A^ c goes to infinity. This is for a 
deep reason: all of these non-exotic collective states are 
part of one contracted SU(2 Nf) representation which 
emerges at large N c (as will be discussed in subsection 
ITVH) . 

To study of exotic states we need the large N c gener- 
alization of the 10 representation. The key feature of the 
10 is that it is the lowest-lying representation that con- 
tains a state with strangeness +1. Accordingly, its large 
N c analog should be the lowest-lying representation that 
includes an exotic state with strangeness +1. This is 
readily seen to be (p, q) = (0, jVc 2 +3 ) and has J = 1/2. 
This representation is associated with the Young tableau 
c) in fig.njand is denoted as "10". The excitation energy 
of this representation is obtained via eq. (|2.8|l : 

M -„ _ = *±?S . (3.2) 

By construction, eq. (|3.2|) agrees with eq. I|2.11|l when 



a) 



b) 



c) 



FIG. 1: Young tableau for arbitrary but large N c : a) the 
"8" representation with (p, q) = (l, JVc 2 ~ 1 ) ; b)the "10" repre- 
sentation with (p,q) = (3, JVc 2 ~ 3 ) : c) the "10" representation 
with (p, g) = (0, g 2 +3 j . The Young tableau in a) and b) have 
N c boxes; the tableau in c) has N c + 3 boxes 

N c — 3. However, there is an explicit N c in the nu- 
merator of the right-hand side while the denominator is 
proportional to I2 which scales as N c . Thus, at large N c , 
the scaling is given by 

M« w > ~ M«s» ~ Y c ° . (3.3) 

In the large N c limit the "10" does not become degenerate 
with the "8" . It is easy to see that this behavior is generic 
for exotic representations. That is, any representation 
which contains at least one manifestly exotic state will 
have a splitting from the ground state which is finite as 
N c — > 00. It is interesting to note that this behavior is 
characteristic of typical vibrational excitations 35] . 

The study of the excitation energies as calculated via 
rigid-rotor quantization reveals a fundamental difference 
between exotic and non-exotic representations and the 
same fundamental difference is also seen via large N c con- 
sistency rules. The non-exotic representations become 
degenerate with the ground state at large _/V c while the 
exotic representations do not — they remain split from the 
ground state at leading order in the 1/N C expansion. 

IV. RIGID-ROTOR QUANTIZATION VERSUS 
LARGE N c QCD 

This section demonstrates that the predictions of rigid- 
rotor quantization do not appear to follow from the 
known behaviors of such states in large N c QCD. This 
is seen from a wide variety of perspectives. Five rather 
general arguments are given all of which imply that the 
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results of rigid-rotor quantization do not follow with the 
known behavior of large N c QCD. 



A. Exotic baryon widths 

This subsection focuses on the N c scaling of the width 
of the exotic resonance. The essence of this argument is 
quite simple and requires two things be demonstrated. 
The first is that rigid-rotor quantization, if valid, must 
predict widths which vanish at large N c ; the second, that 
the width of exotic states with rigid-rotor quantization 
is, in fact, of order N® implying that it is invalid. Before 
demonstrating both of these points, it should be noted 
that this argument is formal. The issue of relevance is 
not whether the width of the 9 + is numerically large or 
small, but how it scales with N c . The key point is that 
if the width does not vanish as N c — > oo, as a matter 
of principle, the quantization prescription is presumably 
wrong. 

Let us begin with the first point. As noted in the in- 
troduction, the question of whether the rigid-rotor quan- 
tization is valid at large iV c has a clear formal definition. 
It is valid, if and only if, the properties computed via 
rigid-rotor quantization become exact as N c — > oo. The 
excitation energy of the exotic state at large in rigid-rotor 
quantization is given by eq. (|3.2|) ; the issue is whether 
this becomes exact as iV c ^ oo. It is not exact if that 
there is a non-zero width in the large N c limit. This can 
be understood in two complementary ways. One way is 
simply to note that unless the width goes to zero at large 
N c , the state is not well defined at large N c — it does not 
correspond to an asymptotic state of the theory; it has 
no well-defined mass and eq. 1)3. 2|) does not give the exact 
value for the mass at large N c . An complimentary per- 
spective is to assign the width to be an imaginary part of 
the mass. However, if the width remains finite at large 
iV c , then the mass has a non- vanishing imaginary part at 
large N c , in which case eq. 1|3.2[1 does not give the exact 
result for the mass. From either perspective, eq. i|3.2|) is 
not exact at large N c unless the width vanishes. 



Note, for comaprison that for non-exotic collective 
baryons such as the A , the widths do go to zero at large 
N c and therefore the prediction of eq. (|3.1|) can indeed 
become exact. To see this, one simply notes that the non- 
exotic collective excitation energies as given by eq. <|3.1[) 
scale as 1/N C while meson masses scale as N®. Thus, at 
large N c non-exotic collective space have no phase-space 
for decay and, hence, have zero width. 

Let us now turn to the case of the exotic collective 
baryons which is quite different. Recently, Praszalowicz 
demonstrated that the width of the 9 + is of order N® 
[36j. His result is summarized below. 

Equation (|3.3I) implies that the excitation energy of the 
"10" representation does not vanish at large N c . Thus, in 
general phase space it does not inhibit decay. Of course, 
phase space is not the only reason the width can go to 
zero. It is also logically possible that the coupling be- 
tween the initial exotic baryon and the final state of me- 
son plus baryon could vanish at large N c . The issue boils 
down to whether or not this happens. 

As shown by Praszalowicz 36] , in the context of rigid- 
rotor quantization, there are two possible structures for 
the coupling of collective baryon states to mesons which 
contribute in leading order to the width: 
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where k indicates the meson species and S is the spin 
operator. While the values of the coupling constants, Go 
and Gi, are model dependent, their N c scaling is known: 



G ~ iV c 3 / 2 Gi ~ N X J 2 



(4.3) 



Using the collective SU(3) wave functions for the "8" and 
"10" representations one finds: 
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The Gi term enhanced by a factor of N c (coming from 
the integral over the collective wave function) compen- 
sates for the fact that it is characteristically smaller than 
Go by a factor of N c . Using the scaling in eq. (|4.3|l and 
the fact the phase space implies p ~ N®, one sees the 
matrix element is of order N®. Combining this with the 



phase space one sees that 

r fl+ ~ nS. 



(4.5) 



The scaling in eq. I|4. 5JI completes the demonstration. 
The width as computed using states from rigid-rotor 
quantization shows that the rigid rotor mass formula 
of eq. H3.2fl does not correctly give the mass at large 
N c : rigid-rotor quantization does not appear to be self- 
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consistent in large N c QCD . 

B. Time scales for collective and vibrational 
motion 

The key to the success of collective quantization is a 
clear separation of time scales between the collective mo- 
tion and the intrinsic motion. As a general principle, 
to quantize the theory one must first enumerate the de- 
grees of freedom. The easiest way to do this is via the 
study of small classical fluctuations around the classi- 
cal soliton: each classical mode associated with small 
amplitude fluctuations is a degree of freedom which can 
be quantized. In studying these small amplitude fluctu- 
ations one finds that although the typical modes have 
a vibrational frequency which scales as N%, of necessity 
there will also be zero frequency modes. Such zero modes 
arise because symmetries associated with the underlying 
theory are broken by the soliton configurations. 

Once these modes have been identified at the classical 
level, they can be canonically quantized. As a practi- 
cal matter, a parametric expansion is used as a system- 
atic way to organize things 37]. It can be shown self- 
consistently that for properties of low-lying states the 
neglect of these couplings leads to a 1/N C correction to 
the soliton mass as compared to a leading order value 
which goes as N c , and a correction due to the quan- 
tized zero modes which goes as N®. The quantization 
of the collective degrees of freedom associated with the 
zero modes can be handled separately for exactly the 
same reason — the effects of the coupling of the collective 
to the vibrational degrees of freedom on the soliton mass 
is suppressed by 1/N C . 

The collective degrees of freedom are those which at 
the classical level correspond to zero modes; modes hav- 
ing a finite frequency are quantized as vibrations. As 
will be discussed in sect. [V] the modes associated with 
the exotic excitations turn out not to be collective in this 
sense; they are associated with modes which have finite 
frequencies at small amplitude and, thus, act as vibra- 
tions. 

The effect of the quantization of the collective degrees 
of freedom on the soliton mass is typically of order l/N c . 
At the classical level the degrees of freedom are flat and 
have no natural time scale — the classical motion associ- 
ated with them can occur arbitrarily slowly. The quanti- 
zation of these collective modes keeps them slow — the 
typical time scales are of order N c . The characteris- 
tic angular speed for non-exotic collective coordinates is 
1/N C — it goes as the inverse of the moment of inertia 
since the associated angular momentum is typically of or- 
der unity and the motion is of large amplitude (order N® 
typically circumnavigating the collective space), so the 
characteristic time, t, is of order N c . In semi-classical 
motion one has a general energy-time uncertainty rela- 
tion: 

AE~1/ T , (4.6) 



where AE is the typical splitting between levels. This 
naturally gives energy splittings of order 1/N C . It is 
straightforward to see that this behavior reproduces what 
is seen in eq. (|3.1f) . 

The time scale for the non-exotic collective motion 
(N c ) scales in a qualitative different way from that of 
the internal vibrational motion (shown below to scale as 
N®). This difference is critical for the success of the quan- 
tization program, particularly for the separate treatment 
of the collective and vibrational degrees of freedom. Note 
that there exist vibrational modes with the same quan- 
tum numbers as those of the collective degrees of freedom. 
One generally expects degrees of freedom with identical 
quantum numbers to couple. However, two degrees of 
freedom with identical quantum numbers naturally re- 
main weakly coupled if the characteristic times of the 
two degrees of freedom are widely separated. In this case 
there is a Born-Oppenheimer type separation of the dy- 
namics of the modes. For the case of collective rotational 
degrees of freedom this is precisely what happens and the 
modes are effectively decoupled for low-lying states. 

Let us now turn to the behavior of the exotic states. 
It is apparent from eq. (|3.2|l that excitations with ex- 
otic quantum numbers have excitation energies of order 
N®, implying that even for the lowest-lying exotic state, 
AE ~ N®. This in turn implies that t ~ N®, where r is 
the characteristic time scale of the motion. This is highly 
problematic from the viewpoint of collective motion. In 
the first place, this is manifestly inconsistent with the mo- 
tion being collective in the sense it corresponds to large 
amplitude motion. Equation l|2.2|l implies that that ex- 
citation energies of order N® correspond to motion with 
J' A 2 lh ~ A c ° (with A=4,5,6,7). This, along with the fact 

1/2 

that I c ~ N c , further implies J' A ~ N c , and the rele- 

— 1/2 

vant angular velocities are of order N c ' . Therefore the 
motion is slow — the angular velocity goes to zero as N c 
goes to infinity. However, we also know that the charac- 
teristic time for this motion is of order N®. Clearly this is 
not possible unless the typical angular displacement as- 

— 1/2 

sociated with this motion is of order N c . Thus, this 
motion is confined to a region of angular space which goes 
to zero at large N c : the motion does not explore the full 
collective space. In this sense the motion is clearly not 
collective. This should be contrasted to the case of low- 
lying non-exotic states which have a characteristic time 
scale of , a characteristic angular velocity of A*"" 1 and, 
hence, a characteristic angular displacement of N®, which 
is of large amplitude and subsequently collective. 

Given the fact that motion is not collective, a collective 
quantization as in the rigid-rotor approach is presumably 
invalid. Moreover, it is easy to understand why it can fail. 
The time scale for even the lowest-lying exotic states, is 
of order N®; this is the as for vibrational motion. In 
the absence of such a scale separation, there is nothing 
to prevent the ostensibly collective mode from mixing 
strongly with vibrational motion with the same quantum 
numbers and a priori that is exactly what one expects to 
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happen. When this occurs the rigid-rotor approximation 
based on the separate dynamical treatment of the two 
types of motion clearly fails. 



C. Predictions from large 7V C consistency rules 

The introduction stressed the remarkable fact that the 
prediction of the mass in refs. H, 0, 0, 0, was in- 
dependent of dynamical details of the model. The key 
model independent relations were that the SU(3) sym- 
metry breaking used for the exotic states was identical 
to that used for the ground state band. It was largely 
because of this model independence that the prediction 
should be taken seriously. Model-independent predic- 
tions are special; the very fact that they do not depend 
on model details suggests that they may well be reflecting 
the underlying structure of large N c QCD. 

Of course, just because a particular relation obtained 
in a chiral soliton model does not depend on the de- 
tailed dynamics of the model, need not imply the re- 
sult is truly model independent results of large N c QCD. 
There is strong evidence, however, these relations are, 
in fact, truly model independent. All of these relations 
seen to date (with the exception of those involving ex- 
otic baryons computed via rigid-rotor quantization), are 
known to be correct model-independent predictions of 
large N c QCDE3, E3, E9- 

These include relations of 
standard static observables (such as magn etic moments 
or axial couplings) as considered in ref . [lj] , as well as the 
rather esoteric quantities, such as the non-analytic quark 
mass dependence of observables near the chiral limit |39j|. 
or relations between meson-baryon scattering observables 
in different spin and flavor channels |38|, |40| • All of these 
can similarly be derived in a "model-independent" man- 
ner in the chiral soliton model and are also derivable by 
a truly model-independent way. 

The basis for demonstrating these model-independent 
predictions is the use of large N c consistency rules [Tit 
Ha. fl7l Il8| : the large N c predictions for various related 
quantities are not self consistent unless various relations 
are imposed. For example, according to Witten's large 
N c counting rules generically meson-baryon coupling con- 
stants scale as N^ 2 §35]. Thus, two insertions of coupling 
constants will yield a contribution to meson-baryon scat- 
tering of order A^r, but unitarity ) requires the scatter- 
ing to be of order N®. This can only be satisfied if the 
baryons form towers of states which are degenerate at 
large N c with the values of the coupling constants re- 
lated to one another by geometrical factors (up to 1/N C 
corrections) fl6l llTl lisf . These factors turn out to 
be precisely the ones found in the chiral soliton models. 
Other quantities can be derived via similar means. 

The results of this type of analysis are well known: A 
contracted SU(2iV/) symmetry emerges in the large N c 
limit. Baryon states fall into multiplets of this contracted 
SU(2iV/), and the low- lying states in these multiplets are 
split from the ground state by energies of order 1 /N c — 



these excitations with the SU(2AT/) multiplets are collec- 
tive. In the space of these collective states all operators 
can ultimately be expressed in terms of generators of the 
group and from this, relations can be obtained. 

The key issue here is simply that the multiplet of low- 
lying baryons has been explicitly constructed — it coin- 
cides exactly with the low spin states of a quark model 
with N c quarks confined to a single s-wave orbital |l8|. 
It is well known that at large N c there are no low-lying 
collective baryon states (i.e., states with excitation ener- 
gies of order 1/N C ) with exotic quantum numbers. This 
neatly mirrors the analysis of sect. IIIII exotic states have 
excitation energies of order AT°. 

This situation is quite problematic, however, if one 
wishes to assert that relations for the exotic states are 
truly model independent. The difficulty is simply that 
the exotic states are not in the same contracted SU(2iV/) 
multiplet as the ground band baryons. This means that 
group theory alone cannot relate matrix elements in the 
ground band to matrix elements involving exotic states: 
the standard large N c consistency rules do not allow one 
to relate any property of the exotic states to the ground 
band states. 

At a minimum this implies that the apparently model- 
independent predictions of exotic state properties seen 
from rigid-rotor quantization have not been shown to be 
truly model independent. This is characteristically dif- 
ferent from the properties of non-exotic states which are 
related to one another by large N c consistency rules. Of 
course, just because the large N c consistency conditions 
do not give the relations seen for exotic states in rigid 
rotor computation does not by itself mean that these re- 
lations are wrong; it merely means we do not know them 
to be correct. However, it does mean that the principle 
reason to take the predictions of the chiral soliton model 
seriously — their apparently model-independent status — 
has no known basis in QCD. 



D. Solitons for large N c in a world with heavy 
quarks 

The predictions in refs. [t| were based on chiral soli- 
ton models. However, this is somewhat misleading. The 
basic arguments of rigid-rotor quantization depends crit- 
ically on the SU(3) flavor symmetry of the underlying 
theory and the fact that the classical solution breaks 
both rotational and flavor symmetries in a correlated way 
resulting in a hedgehog configuration. However chiral 
symmetry plays role only through the chiral anomalies 
encoded in the Wess-Zumino term which leads to the 
constraint in eq. (|2.5(l . However, as shown in appendix 
El eq. G3) can be derived directly at the quark level 
with no reference to anomalies. Thus, the logic underly- 
ing collective quantization applies to all SU(3) symmetric 
theories which have hedgehog mean-field solutions. In 
particular, it applies to models of QCD with three de- 
generate flavors in the limit where all quark masses are 
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heavy; m u = uid — rrid = m q with m q >> A where 
A is the QCD scale (provided that such models produce 
a hedgehog at the mean-field level). In this section it is 
shown that the application of the rigid-rotor quantization 
in such a regime gives results which are manifestly wrong 
suggesting that something is wrong with the underlying 
logic. 

In fact, in this regime one need not consider a model 
of QCD, but rather QCD itself. Recall that in Witten's 
original derivation of baryon properties in large N c QCD 
the case of heavy quarks was considered for simplicity (it 
was later argued that the conclusions are valid for the 
case of light quarks) |35j . The derivation is based on the 
fact that in this limit the quarks are non-relativistic and 
can be described via the many-body potentials arising 
from gluon exchange. Witten then demonstrated that 
the Hartree mean-field approximation becomes valid in 
the large N c limit, that all N c quarks are in the same 
single particle wave function (modulo their color degree 
of freedom) and that the size of this orbital is indepen- 
dent of N c . In doing this analysis, the role of flavor and 
spin degrees of freedom was not highlighted. 

Consider the role played by spin and flavor in this sys- 
tem. From the analysis of Dashen, Jenkins and Manohar 
we know that for states with J, I ~ iV° at leading order 
in the 1/N C expansion the only interactions which con- 
tribute are either spin and isospin independent or both 
spin dependent and isospin dependent |18|. The spin de- 
pendence enters solely through the magnetic coupling of 
the gluons to the quarks. Note, however, that the under- 
lying magnetic interaction is small for large quark masses 
since the quark magnetic moment goes as l/m q . Thus all 
spin-flavor dependent interactions are small in the com- 
bined large N c and heavy quark limits. 

The heavy quark limit implies that the spatial shape 
of the single-particle levels does not depend on spin and 
flavor. Assuming that rotational symmetry is not broken 
at this order, the orbitals will be s-wave. However, the 
Hartree state is highly degenerate at this order: any spin 
and flavor orientation is equivalent. If one one includes 
the leading l/m q correction, this degeneracy is broken 
(but at this order the spatial part of the wave functions 
are unchanged) and one simply chooses the single-particle 
state to have a spin-flavor orientation which minimizes 
the spin-flavor interaction at order l/m q . The precise 
form of this spin-flavor orientation depends on the sign of 
the interaction which either favors a ground of the baryon 
with maximal spin or minimal spin. If it favors maximal 
spin, then all quarks will have the same well-defined spin 
and flavor projections. In contrast, if it favors minimal 
spin (as is believed to happen in nature, which will be 
assumed here) the spin-flavor part of the state takes the 
conventional hedgehog form: 

\h) =2-^(1 Td )_ | in)) (4.7) 

where the arrows indicate spin projection and the let- 
ters indicate flavor. It is assumed for simplicity that the 
hedgehog is in the u-d subspace with grand-spin of zero. 



It is easy to see that there are low-lying single-particle 
excited states for quarks propagating in the background 
of the Hartree potential generated by the hedgehog state. 
There are six distinct spin-flavor states, one of which, the 
state, \h), is, by construction, the lowest-lying state for 
the Hartree potential. These states differ from the lowest 
lying state in energy by an amount of order A 2 /m q , where 
the l/mq is due to the spin dependence as noted above 
and the factors of A 2 follow from dimensional analysis. 
Furthermore, all flavor generators (except for As), when 
acting on the hedgehog, will produce a superposition of 
these low-lying excited single-particle states. Thus, if one 
computes the moments of inertia using eqs. <|2.4[1 one has 
the following scaling in N c and m q : 

/r .^ 7 -.^. (4 . 8) 
m q m q 

Equation (|4.8|l has profound implications for excita- 
tion energies assuming that rigid-rotor quantization is 
legitimate. Consider first the behavior of the non-exotic 
states, such as those in the "10" representation. Equa- 
tions along with eq. (|4.8I) imply that scaling of the 
excitation energy with m q and N c goes as 

A 2 

M-io" - Mug. — . (4.9) 

m q N c 

This behavior is precisely what one expects. It is sup- 
pressed by 1/N C since it involves the excitation of a single 
quark and it goes as l/m q since it relies on a magnetic 
gluon-quark coupling. 

In a similar way one can compute the scaling of the 
excitation energy of the exotic states such as the "10" . 
Equations i|3.2fl and eq. I|4.8|l imply that this excitation 
scales as 

M m , - ~ — . (4.10) 

' Tflq 

However, this scaling is quite problematic on physical 
grounds. To construct an exotic state such as the "10" 
one must include an extra quark-antiquark pair relative 
to the "8" . Recall that by assumption the quarks are 
heavy enough to be non-relativistic; the binding energies 
of the quarks are much smaller than the mass. The exci- 
tation energy of the exotic state must then be 2m q plus 
small corrections; it grows with m q . This is in contra- 
diction with eq. (f 4 . 1 Cj|) which has the excitation energy 
decreasing with increasing m q assuming that rigid-rotor 
quantization is valid. The contradiction implies that the 
assumption is false: rigid-rotor quantization is not valid 
for the exotic states. As noted above, the logic underly- 
ing rigid-rotor quantization does not depend on the quark 
mass and the failure for the present case indicates that 
the logic is flawed. 

As pointed out recently by Pobvltisapl) . the issue is 
even more stark if presented in the context of an SU(3) 
symmetric non-relativistic quark model. In this case the 



10 



model space can be constructed to have only quark — and 
no anti-quark — degrees of freedom. However, the inter- 
actions in such a theory can be chosen to reproduce the 
same N c scaling seen in QCD. Again, as N c becomes 
large the Hartree approximation becomes increasingly 
well justified and again the Hartree minimum will be of a 
hedgehog configuration (provided that the ground state 
orbitals turn out to be s- waves). The justification for 
doing rigid-rotor quantization is identical to that in the 
chiral soliton case. In such a model both I\ and I2 can 
be computed using the standard expressions in eq. (|2.4|) 
and rigid-rotor quantization can then be implemented. 
Such a quantization implies the existence of exotic states 
with an excitation energy of order N c , yet by construc- 
tion such states are not in the Hilbert space from which 
the model was constructed. The rigid-rotor quantization 
is wrong for exotic states in such models. Of course, one 
might argue that such a model does not represent QCD 
in a particularly realistic way. However, that should be 
irrelevant to the central issue of the justification of rigid- 
rotor quantization; the derivation of this approach has 
always been based on general considerations and not on 
the detailed structure of QCD. 



E. The Callan-Klebanov approach at zero SU(3) 
breaking 

The discussion in this paper has focused on states as 
computed in the limit of zero SU(3) symmetry breaking. 
As was argued above, the fundamental issues of principle 
interest here can be most cleanly addressed if detailed 
numerical questions, such as whether the SU(3) breaking 
effects are too large to justify perturbation theory, aside. 
One powerful way to focus on the problem is to con- 
sider how to treat the problem in the presence of SU(3) 
symmetry breaking and then consider the limit as this 
breaking goes to zero. 

The basic formalism of how to treat chiral solitons in 
the presence of SU(3) breaking was developed long ago 
by Callan and Klebanov 20J . The logic underlying this 
approach is very simple. If m s — m q is greater than zero 
(where m q is the light quark mass), then at the classi- 
cal level the minimum energy configuration is a hedgehog 
in the u-d subspace. A flavor rotation in the 4,5,6 or 7 
directions will yield a classical configuration with higher 
energy. Thus these directions are not flat collective ones 
but are unambiguously of a vibrational character. The 
formalism is based on the straightforward quantization 
of these vibrational degrees of freedom along with the 
collective quantization of the SU(2) degrees of freedom 
in the presence of the Wess-Zumino term. It is often 
called the "bound state approach" since states with neg- 
ative strangeness are viewed as a bound state of an SU(2) 
skyrmion with an anti-kaon. Here it will be referred to 
as the Callan-Klebanov approach in order to avoid confu- 
sion when discussing states of positive strangeness which 
are unbound. It should be noted that a principal reason 



why this approach was introduced was to deal with cir- 
cumstances where SU(3) symmetry breaking was large 
enough so that simple perturbative treatments were po- 
tentially unreliable. But, as stressed in ref. the for- 
malism should be valid regardless of the size of the sym- 
metry breaking and, in particular, holds as m s — m q — > 0. 

The key issue here was discussed in the recent paper 
by IKOR[3|. Consider the Callan-Klebanov formalism 
as m s — m q — ► 0. For states with non-exotic quantum 
numbers it is possible to show analytically that as this 
limit is approached, the excitation energy of the bound 
state goes to zero (as it is in rigid-rotor quantization) 
and the structure of the vibrational mode goes over pre- 
cisely to the spatial distribution seen in the collective 
moment of inertia [3J, |20j . This supports the view that 
the Callan-Klebanov formalism applies regardless of the 
size of SU(3) symmetry breaking and remains valid to 
the exact SU(3) limit, and that rigid-rotor quantization 
is valid for non-exotic collective states. 

However, the situation is radically different in the case 
of exotic s=+l excitations. In that case, there is no 
analytic demonstration that the results of the Callan- 
Klebanov treatment goes over to those of rigid-rotor 
quantization as the SU(3) limit is approached. Of course, 
it is logically possible that the two approaches are, in 
fact, equivalent in the SU(3) limit but that a mathemat- 
ical demonstration of this equivalence has not yet been 
found. However, there is strong numerical evidence in 
ref. [3| that this is not the case. In particular, for small 
values of rriK (i.e, for small SU(3) symmetry breaking), 
if the two approaches were equivalent there ought to be 
a resonant vibrational mode whose frequency is near to 
that predicted in rigid-rotor quantization for all Skyrme- 
type models. In fact, no such mode is seen. Indeed, 
for the standard Skyrme model, there are no exotic res- 
onances at all. This strongly suggests that as the exact 
SU(3) limit is approached the Callan-Klebanov approach 
does not become equivalent to the rigid-rotor quantiza- 
tion as (m s — m q ) — > 0. 

If one accepts that the standard derivation of the 
Callan-Klebanov formalism is valid for this problem, then 
the inequivalence between rigid-rotor quantization and 
the Callan-Klebanov method for exotic states implies 
that the rigid-rotor quantization is not valid. There is 
a mathematical subtlety associated with this: We know 
the derivation of Callan and Klebanov in ref. [2(j is valid 
when SU(3) breaking is large enough so that motion in 
the strange direction is of a vibrational nature. As a 
formal matter, this is guaranteed to happen in the large 
N c limit for any finite value of (m s — m q ). As long as 
the physical quantities of interest have a uniform limit as 
N c — > 00 and (m s — m q ) — > 0, then the Callan-Klebanov 
derivation is automatically valid in the large N c limit for 
exact SU(3) symmetry. However, if the two limits do 
not commute, then taking the SU(3) limit prior to the 
large N c limit (as is implicitly done in rigid-rotor quanti- 
zation ) would give results which differ from those when 
taking the large N c limit first (as is implicitly done in 
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the Callan-Klebanov approach). If this is the case, then 
it remains possible mathematically that both approaches 
are valid in particular regimes but that their domains of 
validity do not overlap. 

However, on physical grounds this mathematical pos- 
sibility seems quite unlikely. In the first place, it seems 
implausible a priori that the large N c and SU(3) lim- 
its commute for non-exotic states and then fail to exotic 
states. More importantly, there is considerable experi- 
ence with cases where the large N c limit does not com- 
mute with some other limit, and in these cases the lack 
of commutativity can be traced to a clear physical ori- 
gin which is apparent at the hadronic level. For exam- 
ple, it is well known that the chiral limit and the large 
N c limit do not commute for baryon quantities which 
diverge in the chiral limit (such as isovector charge or 
magnetic radii) 39]. In these cases the physical origin is 
easily traced to the role of the A resonance whose excita- 
tion energy is anomalously low parametrically (it scales 
as 1/N C ) compared to typical excited baryons and which 
therefore leads to a class of infrared enhancements in loop 
graphs. Thus, it is the interplay between the two light 
scales in the problem — the chiral scale, and the light 
scale induced at large N c , Ma — Mm — which leads to the 
non-commuting behavior for problems that are infrared 
singular in the combined limit. There is nothing anal- 
ogous to this when considering exotic baryons near the 
SU(3) limit: the SU(3) symmetry breaking scale is the 
only relevant low scale in the problem since the low-lying 
decuplet type excitations play no special role. Given 
these physical arguments it is highly unlikely that the 
two limits do not commute; as note above, this implies 
that rigid-rotor quantization is invalid. 

Apart from the physical grounds discussed in the pre- 
vious paragraph there is a clear mathematical way to 
understand why numerical work of IKOR fails to find 
a vibrational mode whose properties match those pre- 
dicted in rigid-rotor quantization for exotic states. This 
is the mixing between the "collective" mode in rigid-rotor 
quantization and ordinary vibrational modes which is dis- 
cussed in detail in scct.[V] This mixing occurs at leading 
order in both the large N c expansion and in SU(3) break- 
ing regardless of the ordering of limits, and thus demon- 
strates mathematically that the physical arguments given 
above are correct: the two limits do commute, but the 
rigid-rotor quantization is not valid. 



V. RIGID-ROTOR QUANTIZATION 
REVISITED 

A. General considerations 

The previous section provides strong evidence that 
rigid-rotor quantization is not valid for the description 
of states with exotic quantum numbers. This can be 
seen as somewhat paradoxical since the derivation of 
rigid-rotor quantization 25] closely paralleled the deriva- 



tion for SU(2) skyrmions, by Adkins, Nappi and Witten 
( AN W) |2q] . which is generally agreed to be correct. How 
can this method work for SU(2) solitons and for non- 
exotic states in SU(3) solitons, yet fail for exotic states? 

It is important to begin by recalling the fundamental 
assumption made in the derivation in sect. [HJ namely, 
that the collective motion and the intrinsic motion are 
dynamically separate. The issue is whether this is true; 
as will be seen in this section, it does not appear to be 
true generally for exotic motion even at large N c . 

The ANW procedure amounts to putting an ansatz for 
a class of allowed motion into the Lagrangian thereby ob- 
taining a proposed collective Lagrangian. This is done in 
eq. i|2.1[l where the ansatz made is that the motion corre- 
sponds to an overall time-dependent rotation of the static 
soliton. As a general rule, the insertion of an ansatz into 
a Lagrangian yields a legitimate collective Lagrangian if, 
and only if, all classical solutions of the collective La- 
grangian so obtained are also solutions of the full equa- 
tions of motion. Only after the collective Lagrangian 
has been isolated at the classical level can the collective 
Hamiltonian be found and then quantized. 

As alluded to in sec. [nj the ANW treatment is strictly 
valid at large N c only for models whose Lagrangians have 
no first derivatives in time (such as the original Skyrme 
model) . The reason for this is that the ansatz in eq. i|2.1|) 
only corresponds to an approximate solution of the full 
equations of motion in such cases. It has long been known 
that the method needs to be modified for models where 
first derivatives in time are present (such as in soliton 
models with explicit quark degrees of freedom) |28l |29| . 
For the SU(2) model with explicit quarks one can find an 
appropriate ansatz which corresponds to a solution of the 
mean-field (classical) equations; the cranking equations 
provide such an ansatz. The reason this issue becomes 
central here is the role of the Wess-Zumino term. This 
term has an explicit time derivative, and a priori one 
ought not to expect the ANW method to work without 
modification. 

First consider models such as the original SU(2) 
Skyrme model, which only has pion degrees of freedom 
and has no first derivatives in time. In this case it is easy 
to find such families of solutions which become exact at 
large ^|29|. In particular, 

U(r,t) = Ae ltn/2 U (r)e~ lX - n/2 A^ (5.1) 

is an approximate time-dependent solution of the classi- 
cal equations of motion provided that Uq is a static solu- 
tion and A is an angular velocity which is small at large 
N c (typically going as N^ 1 ). The parameters that spec- 
ify the motion are the initial angles given in A and the 
angular velocities in A. This is an allowable approximate 
time-dependent solution since the effect of the second 
derivative with respect to time on the field configuration 
(which is neglected when using a rotating soliton) is of 
order ~ 1 /N£ down relative to contributions to the static 
solution. Thus, the neglected shifts in the fields are of 
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relative order N~ 2 . This in turn implies a neglected shift 
in the angular momentum of order iV" 1 (since the angu- 
lar momentum is intrinsically of order N c ); this implies 
that the neglected shift in the moment of inertia is of 
order N® and may be neglected at large N c compared to 
the leading order contribution of order iV* . 

The ANW ansatz of eq. I|2. lfl contains all the solu- 
tions of the form of eq. (|5.1() . Moreover all solutions 
of the classical equations of motion which emerge from 
the collective Lagrangian are of this form. Thus, the 
ANW ansatz gives a legitimate collective Lagrangian on 
the SU(2) Skyrmion. This Lagrangian can then be quan- 
tized. 

The situation is quite different if there are first-order 
time derivatives. In that case the neglected effect on the 

— 1/2 

fields is proportional to A ~ N c yielding a neglected 

— 1/2 

shift in the fields proportional of relative order N c ' 
which in turn implies that the neglected shift in the an- 

1/2 

gular momentum is of order N c . The neglected shift in 
the moment of inertia is then of order iV c . These effects 
cannot be neglected since the neglected contribution is of 
the same order as the contribution which is kept. There is 
a simple way to incorporate these effects in SU(2) solitons 
containing quarks. In that case, the key point is that one 
needs an ansatz for a time-dependent solution which cor- 
responds to the rotating soliton. If such a corresponding 
solution exists, it is equivalent to a static solution calcu- 
lated in a rotating frame and one obtains the cranking 
result of eq. I|2.4I) . 

To summarize the general situation, ANW quantiza- 
tion, while agreeing with the generally correct method 
for the case where it was introduced, it does not directly 
apply to models with first order time derivatives. In these 
cases one needs to find families of approximate classical 
time-dependent solutions which are decoupled from the 
remaining degrees of freedom. 

In the case of exotic motion in SU(3) solitons the Wess- 
Zumino term plays a dynamical role and a priori there is 
no reason to believe it should be valid in such a case. In 
contrast, for non-exotic motion the Wess-Zumino term is 
inert (as can be seen in eq. I|2.5fl 'l. In principle, it is suffi- 
cient to stop the argument here — rigid-rotor quantization 
has never been correctly derived for exotic motion. The 
fact that the derivation was not shown to be correct does 
not logically mean the result is wrong. However, the fact 
that rigid-rotor quantization gives inconsistent results as 
seen in the previous section indicates that the result is, 
in fact, not correct. 

It is useful to understand why the approach fails in 
a bit more dynamical detail. The key point is that the 
there is no family of classical solutions corresponding to 
the exotic collective as given by the ansatz. 

Before discussing the full problem it is useful to gain 
some intuition about how things work by considering a 
couple of "toy" problems. 



B. A charged particle in the field of a magnetic 
monopole 

To begin consider the following simple toy model: the 
non-relativistic motion of a charged particle of mass m 
and charge q confined on a sphere of radius R with a 
magnetic monopole of strength g at its center. This 
problem was introduced by Witten (3l| to illustrate the 
role of the Wess-Zumino term and was used to motivate 
the treatment of rigid-rotor quantization for SU(3) soli- 
tons The monopole case is essentially similar to 
the Wess-Zumino case in two fundamental aspects: a) its 
effect is first order in time derivatives, and b) it is es- 
sentially topological in nature imposing toplogical quan- 
tization rules (the Dirac condition for monopoles, the 
quantization of the Wess-Zumino term for chiral soliton 
models 32]). To simulate the case of SU(3) solitons at 
large N c one has the following scaling rules: 



AT C ° R ~ N° g ~ JV C X m ~ N* ; 



(5.2) 



the Dirac quantization condition implies that 2qg is an in- 
teger. This problem is exactly solvable. The key physical 
point is that in addition to the usual kinetic contribution 
to the moment of inertia, there is an angular momen- 
tum associated with the magnetic field energy which is 
given by £/i e zd = qgr. Mathematically, the key issue is 
the unphysical nature of a rotation about the axis link- 
ing the charge and the monopole which then imposes the 
Dirac condition and the restriction L > \qg\. The wave 
functions may be expressed in terms of three Euler an- 
gles; the independence of the the physical results on the 
third angle is what gives rise to the Dirac quantization 
condition. 

The spectrum for this problem is 



E 



L{L+l)-{ggf 
2mR 2 



with L > \qg\ 



(5.3) 



The analogy with the SU(3) soliton is the following. 
The smallest allowable L corresponds to the non-exotic 
baryons with the (2L+1) allowable m's corresponding to 
the different non-exotic baryon states. The various states 
with L > qg correspond to exotic states. To make this 
manifest we follow Diakonov and Petrovj2^ and express 
the energy in terms of an "exoticness" : 



E = 



e 2 + e(2| g g| + l) + | g . 9 | 
2mR 2 



with e = L - \qg\ (5.4) 



If one focuses on the low-lying exotic states (those states 
for which e ~ N%) which are the states of interest in 
hadronic physics one finds the excitation energies are 
given by 



E, 



En = e- 



m\ 

riR 2 



+ 0(N- 1 ) 



(5.5) 



where the N c scaling is fixed from eq. ^5.2(1 . 

Conventional treatments of rigid-rotor quantization 
model their treatment of the Wess-Zumino term on this 
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exact treatment of this toy problem 25]. The present 
purpose is different: Here the goal is to understand which 
collective degrees of freedom can be isolated in a treat- 
ment which will ultimately be semi-classical in nature. 
Of course, this toy problem has no internal degrees of 
freedom — by construction it is rigid-rotor quantization. 
However, it is useful to illuminate the underlying physics 
of this toy problem in a manner which transparently 
can be used in the case where collective and vibrational 
modes mix. In particular, it is quite instructive to derive 
the result in cq. I|5.5I) from a semi-classical treatment 
which can then be generalized. 

We need to first describe the classical motion of the 
particle. Let us consider the particle at rest at the north 
pole and we can describe all solutions of the equations of 
motion relative to this. Because this problem has spher- 
ical symmetry, there are "zero modes" . One can rotate 
the charge from the north pole and leave it in a displaced 
static position. A static rotation of this type is equivalent 
in the soliton case to a non-exotic "excitation" (although 
in this toy model all non-exotic states are degenerate with 
the ground state so "excitation" is a bit of a misnomer). 

Classical behavior associated with the exotic degrees 
of freedom necessarily involves motion. Were there no 
velocity dependent forces present due to the monopole, 
the existence of flat directions would imply the existence 
of dynamical rotational modes with the system slowly ro- 
tating around the entire sphere. However, the magnetic 
monopole fundamentally alters this. As soon as the par- 
ticle starts moving, the magnetic force acts to bend the 
particle into a curved orbit and this curvature can be 
on a scale much smaller than the radius of our sphere 
R ~ 2V°; indeed one can see self-consistently that the 
characteristic size of such an orbit for states with small 

— 1/2 

"exoticness" (where e = L—\qg\) will scale as N c and, 
hence, does not go fully around the sphere. If the or- 
bit is localized in a region of this size then at large N c 
it effectively stays in a region small compared to R, the 
curvature of the sphere (which is order N®). In this case 
the classical motion is effectively that of a charged par- 
ticle in a magnetic field, B — zgj i? 2 , moving on a plane. 
Consider an orbit centered around the north pole (one 
can always rotate your coordinate labels to do this). The 
position of the particle is then given approximately by 

x ~ r costut + 6) y rs r sinful + 5) uj ps — — (5.6) 

mR 

where r and S are fixed from the initial conditions and 
the corrections are of order 1/N C . 

Now suppose one wishes to quantize this classical cir- 
cular motion. This is the familiar problem of Landau 
levels. The energy spectrum of such a system is of pre- 
cisely the form of a harmonic oscillator[4l|: 



E= {n + 1/2) 



\*B\ 



(n + 1/2) 



Iggl 
mR 2 



(5.7) 



Equation l|5.7|) can be derived using the Bohr-Sommerfeld 
formula. In doing this one finds that the radius of the 



orbits are quantized to have 

2 ra+1/2 (n + l/2)i? 2 



\QB\ 



19.91 



(5.8) 



the scaling rules in eq. (|5.2|) then imply that the radius 

scales as r ~ iV c . This in turn, justifies treating the 
problem as motion in the plane. Let us now look at 
the excitation energies predicted from this semi-classical 
quantization: 



E n — Eq 



Iggl 
jiR 2 



(5.9) 



The significant point is that eq (|5.9|l gives the same ex- 
citation spectrum as in eq. I|5.5(l provided one identifies 
the "exoticness" , e, with the index n. 

Of course, this toy model corresponds to rigid-rotor 
quantization since there is a fixed moment of inertia. 
It nevertheless teaches us several things of importance 
which can be generalized to situations where the moment 
of inertia is dynamical, i) The classical motion associated 
with the exotic excitation is not a zero mode; no matter 
how slow the velocity the period of the orbit is of order 
N®. ii) The classical motion is bounded; for energies cor- 
responding to low exoticness (e ~ N®) the typical size of 

the collective orbit is N c 1 . iii) In the large N c limit the 
excitation spectrum can be understood by purely semi- 
classical means. Points i) and ii) indicate that as far as 
the scales are concerned this problem "looks like" vibra- 
tional motion. 

One aspect of point i) ought to be stressed. The fact 
that this dynamical mode is not a zero mode is essential. 
An apparently odd feature is that the problem has two 
flat directions and one might naively think there ought 
to be two zero modes. Where then does the nonzero 
mode come from given the fact that there are only two 
degrees of freedom in the problem? Actually, the is- 
sue is largely semantic. Consider a typical harmonic 
vibrational mode in one dimension associated with the 
equation of motion x — —UqX. The motion is given by 
x — a cos(woi) + P sin(wot) and is parameterized by two 
numbers which are fit by two initial conditions, a = x(0) 
and /3 = x(0)/u)q. 

One typically describes this as one mode of oscillation 
despite the need for two parameters to specify the motion 
since one can always rewrite it as x = Acos(uiot+5), with 
A = yja 2 + f3 2 and S = tB,TT 1 {p/a). Thus, the path fol- 
lowed depends only on one parameter A, and the second 
parameter merely serves to induce a phase shift in the 
single mode of motion. One might make the following, 
somewhat pedantic, description: the motion consists of 
two distinct modes; the general motion is then the su- 
perposition of these two distinct modes. From this per- 
spective one can write the motion as two coupled first- 
order differential equations for x and x and define modes 



as solutions where x and x each evolve as 



with the 



same omega. By defining modes this way it can be seen 
that there are two modes in the harmonic problem given 
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above — one with us = usq and the other with us = —ujq — 
which form a pair. For the problem of a single harmonic 
oscillator, calling this a pair of modes with equal and op- 
posite frequencies may seem a bit artificial. However, in 
the toy problem of a particle on a spherical shell moving 
in the field of a magnetic monopole, this distinction is 
important. There are two degrees of freedom and thus, 
in the sense given above, one expects four modes to come 
in two pairs of equal and opposite us. This is precisely 
what happens. One pair of modes corresponds to fully 
static configurations (one moves the charge in either the 
x or y direction to a new position and leaves it there 
at rest) and these correspond to two zero modes which 
we view as a single pair of modes. The other pair of 
modes correspond to the charge orbiting either clock- 
wise or counterclockwise corresponding to us = ± . 
However, while we still have two pairs of modes the exis- 
tence of a velocity dependent force means that the pairs 
do not correspond to a mode associated with initial dis- 
placement in a direction paired with an initial velocity in 
the same direction. This means that although this prob- 
lem has two zero modes associated with displacements, 
it does not have two pairs of zero modes but only one. 



we will take them to have equal mass, m. At the cen- 
ter of the sphere is a magnetic monopole of strength g. 
The two particles have different charges which wc will 
take to be q and zero — so they interact differently with 
the monopole. Finally, the two particles interact with 
each other via a quadratic potential Vi n t — k\f{ — r^ 2 /2, 
where k acts as a spring constant. To create an analogy 
with SU(3) solitons at large N c the following scaling rules 
must be imposed for the parameters: 

q ~ 7V C ° R ~ 7V C ° g ~ N} m ~ N* k ~ AT, 1 . 

(5.10) 

The analog of the classical soliton is a static configura- 
tion which solves the classical equations of motion. The 
solution is simple: the particles are on top of each other 
and we can take their position to be at the north pole. 
The rigid-rotor quantization of this system is quite triv- 
ial. The classical "soliton" is constrained to move coher- 
ently with the two particles in their classical ground state 
(i.e., with the two particles on top of each other). This 
reduces immediately to the classical motion of a single 
particle of mass 2m and charge q and one can immedi- 
ately read off the excitation by making the appropriate 
substitutions in eq. I|5.5|l : 



C. Coupled particles in a monopole field 

While the problem in the previous section gives some 
insights into the scales of the problem and the nature 
of modes and semi-classical quantization, it cannot an- 
swer the fundamental question about whether rigid-rotor 
quantization is generically valid since by construction the 
problem is a rigid rotor. Accordingly we need a model 
where the underlying dynamics is not rigid; i.e., a model 
where the analog of the soliton has some nontrivial in- 
ternal dynamics. Moreover, because the central concern 
is mixing between collective and internal modes, it is im- 
portant that the internal degrees of freedom have exci- 
tations which have the same quantum number numbers 
as the exotic motion. The simplest model of this sort 
is a generalization of the model studied in the previous 
section. Consider a non-relativistic theory of two parti- 
cles confined to the surface of a sphere. For simplicity 



E. 



rigid 



E Q 



with 



1 9.9 1 



2mR 2 



(5.11) 



where as before e is a non-negative integer. 

On the other hand, we can follow the correct full pro- 
cedure of finding classical time-dependent solutions and 
then quantize this motion semi-classically. All small am- 
plitude motion can easily be found via a linearization 
of the equation of motion; this is sufficient provided the 
quantization keeps the motion within the regime of va- 
lidity of linear response. As before, this can be checked 
a posteriori. If one is in the small amplitude regime the 
problem again reduces to motion on a plane in the pres- 
ence of a magnetic field. Thus we can parameterize the 
two degrees of freedom for each particle by its x and 
y coordinates. Following the discussion in the previous 
subsection, it is useful to write first-order equations of 
motion for the particles and their associated velocities: 
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(5.12) 



The quantities us,, and us r have simple physical interpreta- 



tions: bj„ is the vibrational frequency of the two particles 
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FIG. 2: Non- vanishing normal mode frequencies for the model 
in subsection l V Cl in units of of uj t as a function of the ratio ^f- 
with uj r and ui v defined in eq. 15.121 , The strongly coupled 
limit corresponds to ^f- — > oo. The dashed line represents 
the prediction for the lowest excitation energy in rigid-rotor 
quantization. This prediction agrees with the full calculation 
only in the strong coupling regime. 



when the monopole field is turned off and uj r is the Lan- 
dau frequency assuming that rigid-rotor quantization is 
valid. From the scaling rules in eq. I|5.10[) . ones sees that 
ui r r~j N® and ui v ~ N®. The normal mode frequencies 
are —i times eigenvalues of the matrix on the right-hand 
side of eq. I|5.12|) . 

The matrix can be diagonalized explicitly and it is 
found that, as expected, the eight modes group into four 
sets of pairs of modes with equal and opposite frequen- 
cies. There is one pair of zero modes which corresponds 
to static configurations in which both particles are dis- 
placed by the same amount. Analytic expressions can 
be obtained for the frequencies of the three pairs of non- 
zero modes. However, these expressions are quite cum- 
bersome. Since the modes depend only on ui v and ui r , 
it is useful to express the frequencies as multiples of u> r 
and to express results as a function of A plot of 
the three (positive) frequencies for these pairs is given in 
fig. These modes can be semi-classically quantized and 
the lowest-lying excitation associated with the motion is 
u> above the ground state. As before, the quantized or- 

— 1/2 

bits correspond to velocities of order N c and displace- 

— 1/2 

ments of order N c which self-consistently justifies the 
neglect of the curvature at large N c . 

The results in fig. (J2J) are quite striking. One sees that 
the rigid-rotor result is reproduced for one of the modes 
only in the limit where ^f- — ► oo. This can be verified 
explicitly: expanding the analytic expression for the ap- 



propriate eigenvalue which we denote as oj c as a series in 

zr v y ields 

\^ \UJ V J \UJ V J \UJ V ) J 

(5.13) 

Clearly this series converges onto io r as ^f- — ► oo and de- 
viates from this asymptotic value at finite values of the 
ratio. This result is very easy to understand physically. 
The limit ^f- — > oo corresponds to tight binding; the ratio 
diverges as k, the strength of the inter-particle interac- 
tion goes to oo with all other parameters held fixed. Of 
course, in the tight binding limit the system will act like 
a single coherent particle of mass 2m and charge q and 
one recovers the rigid-rotor result. 

Moving away from the tight binding limit the particles 
no longer move coherently. Suppose one were to pro- 
vide an initial condition in which both the particles were 
given an equal kick so that at t = they both had the 
same initial velocity and had no initial separation. As 
they move, they feel different magnetic forces due to the 
differing charges and hence begin to move apart. At this 
point the Hook's law potential between the particle adds 
a new restoring force and the "collective" and vibrational 
motion now mix and the modes differ from the rigid-rotor 
modes. Indeed, as one moves to the opposite limit the 
result is also easy to understand analytically. As k — > 
with all other parameters held fixed the two particles only 
weakly interact with each other; the charged particle is 
expected to make Landau oscillations essentially unen- 
cumbered by the other particle. Since the single-particle 
mass is exactly half the mass of the coherent system in 
the tight binding limit the frequency of the Landau os- 
cillation is exactly double that case. As can be seen from 
fig. |21 this is precisely what happens: one of the modes 
goes to 2 io r in this extreme weak binding limit. The 
other frequencies become small due to the lack of a sig- 
nificant restoring force. 

The important thing to note is that scaling rules in 
eq. (I5.10() imply the ratio ^ is generically of order N®. 
Thus, the large N c does not automatically force one into 
the tight binding limit. This in turn means that large N c 
by itself does not push one into the regime of validity of 
the rigid-rotor quantization. We see explicitly that rigid- 
rotor quantization is not automatically justified at large 
N c . 

It is reassuring that the analysis of this simple toy 
model reproduces the general arguments about time 
scales discussed in subsection llV Bl The rigid-rotor quan- 
tization is seen to be justified only when u> v 3> u> r - This is 
the situation when there is a scale separation between the 
collective and vibrational motion and Born-Oppenheimer 
reasoning applies. However, as just noted, large N c QCD 
does not imply that the dynamics is in this regime. 

This model is also useful in clarifying some key issues. 
It is well known in typical soliton models that zero modes 
associated with broken symmetries are orthogonal to vi- 
brational degrees of freedom at small amplitude and do 
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not mix|37| . It was precisely this fact that was used to 
justify rigid-rotor quantization. However, we see that for 
this toy problem the rigid-rotor quantization fails. The 
reason for this failure is easy to isolate. Although there 
are two flat directions, the presence of velocity-dependent 
forces induced by the monopole implies that there is only 
one pair of zero modes and not two. This second "would 
be" zero mode scales with N c , an ordinary vibrational 



mode, and acts as an ordinary vibrational mode. Noth- 
ing prevents it from mixing with other vibrational modes 
and indeed it does. This can be seen explicitly by looking 
at one of the eigenvectors of the "would be" zero mode. 
Again, the expression is long and cumbersome in general, 
but can be written in a Taylor series in j 1 , To second 
order, the motion associated with this normal mode is 
given by 
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where 5Re indicates the real part, A is a complex con- 
stant fixed by initial conditions and uj c is the normal 
mode frequency given approximately in eq. i|5.13[l . Note 
that although the leading term in the expansion has par- 
ticles one and two moving together in a coherent manner 
(making a circular orbit), the correction terms do not. 
Again, we should recall that the large N c limit does not 
drive one to the limit where ^f- goes to zero so that large 
N c does not force these correction terms to be small: at 
leading order in a l/N c expansion, the collective motion 
has mixed with vibrational motion. 

Returning to the general considerations at the begin- 
ning of this section, we see that for models such as this 
one which contain first order time derivatives, the clas- 
sical intrinsic vibrational motion can mix with the col- 
lective rotational motion. This in turn implies that the 
collective motion can not be isolated and quantized sep- 
arately. 



D. SU(3) soliton models 

The preceding subsection shows explicitly why rigid- 
rotor quantization fails for that toy model. But we are 
interested in SU(3) soliton models. The issue is whether 
the same type of behavior is seen in SU(3) models. The 
important point is that the behavior seen in the toy 
model should be generic. Any model with "exotic" mo- 
tion of order N® and vibrational motion of the same order 
can be expected to mix in the absence of some symmetry 
keeping them distinct. 

In fact, we know from the analysis of IKOR that this 
same behavior is seen for SU(3) solitons[3j. They study 
the classical motion around the soliton at quadratic or- 
der. At large N c this quadratic order is sufficient since all 



nonzero kaon modes when quantized have K/f„ ~ N c 
corresponding to localized and nearly harmonic motion. 
While for the non-exotic states at large N c and exact 
SU(3) symmetry, they find a rotational zero mode as 
seen in collective quantization, they also note that there 
is no exotic mode with a frequency equal to the excita- 
tion given in rigid-rotor quantization. However, if the 
classical motion really had separated into collective and 
intrinsic motion as assumed in rigid-rotor quantization 
there would have been a classical mode at the rigid-rotor 
frequency. Thus the SU(3) solitons do behave in the same 
way as the toy model. 



VI. THE CRITIQUE OF THE TIME SCALE 
ARGUMENT 

As noted in the introduction, the conclusion that the 
rigid-rotor quantization for exotic states is not justi- 
fied by large N c QCD is not universally accepted. Re- 
cently Diakonov and Petrov (DP) [^criticized the argu- 
ment given in ref. |19| (and presented here in subsection 
IIV Bl of this paper) — i.e., the argument based on time 
scales; using the logic of this critique they concluded that 
rigid-rotor quantization was valid for "exoticness" of or- 
der AT? and only breaks down when the "exoticness" is 
large enough to substantially alter the moment of inertia 
(which occurs at order N^) 23] . In this section we will 
discuss this critique and argue that it is erroneous. 

The critique has three parts: i) An argument that 
relevant time scale for exotic excitations is of order TV* 
and not order N°; ii) a general treatment of rotational- 
vibrational mixing in SU(3) solitons in which it is as- 
serted that the mixing is small at large N c ; and iii) a toy 
model to illustrate the argument. 
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Let us begin with the discussion of point i) . DP argue 
correctly that in the rigid-rotor quantization the charac- 
teristic angular velocity is given by 



v chm - O^-) (6.1) 

where e is the "exoticness" . This is slow at large N c when 
e ~ N®. From the behavior in eq. (|6.1(l . it is asserted 

that the characteristic time scale is of order A^" 1 ^ 2 )^. 
in contradiction to the claims in ref. |19| and subsection 
IIV Bl that the time scale is of order N®. This assertion 
is, on its face, paradoxical. If true, general semi-classical 
considerations as seen in Bohr's correspondence principle 
would imply that the quantal excitation energies associ- 
ated with this be of order \/N c and not N®, as, in fact, 
they are . DP attempt to resolve this paradox by stat- 
ing that the rotation is not semi-classical because of the 
quantization condition in eq. 12.51 which arises from the 
Wess-Zumino term; since the Wess-Zumino term is a full 
derivative term it should be thrown out classically and 
is thus not suitable to semi-classical arguments. How- 
ever, this resolution does not hold up. As seen explicitly 
in subsection IV Bl the problem of "exotic" motion of a 
charged particle in a monopole field can be quantized 
explicitly by quantizing the Landau orbits and the semi- 
classical result agrees with the exact answer at the analog 
of large N c . 

Given the problem with the resolution of this paradox 
by DP, how is one to reconcile eq. (|6.1|) with a charac- 
teristic time of order N®? The answer is trivial and was 
discussed in detail in subsection IIV Bl the velocity can 
be of order iV c -1 ^ 2 and the time scale N® provided the 

1 /2 

motion is localized to a region of order N c . This is 
precisely what happens and this is verified in the model 
in subsection IV Bl In summary, part i) of this critique 
appears to be without foundation. 

Next consider part ii). The analysis here closely par- 
allels the original derivation of rigid-rotor quantization. 
Let us recapitulate the salient points. 

The analysis is based on a soliton which corresponds 
to the local minimum of an effective action S e f{ [tt(x)] 
(where it represents a dimensionless pion field — namely, 
the usual pion field divided by /„•); the action is propor- 
tional to N c . The classical configuration 7r c i ass (:r) which 
minimizes the effective action gives the soliton profile and 
the moments of inertia Ji : 2 are computed at this mini- 
mum. One finds that the classical soliton mass, Mo, and 
the moments of inertia, 7^2, are all proportional to N c . 

The effective action may be expanded about the clas- 
sical minimum at second order in the fields; it is given 
by: 

£cS brciass + 5-k] = M + ^Sn W[tt c u ss ] Stt + . . . (6.2) 

where W is an operator for any given external field 7r c i ass . 
Since the dimensionless fields scale as N®, W is of the 



same order S e s, namely, N^. This in turn implies that 
the harmonic fluctuations scale as 5ir(x) = 0(l/y/~Nc). 
The spectrum of W and its eigenmodes both scale as N°. 
Clearly W has zero modes which are related to symmetry 
breaking in the classical solution. For these models this 
includes both translations and rotations. 

Up to this point the analysis seems reasonable, al- 
though one might quibble that the object on the left- 
hand side of eq. 1)6. 2|) should be considered an effective 
Lagrangian rather than an energy function since no Leg- 
endre transformation has yet been made. In any event, 
the next steps |2j] are based on a set of assumptions 
which are quite problematic: " The quantization of ro- 
tations (which are large fluctuations as they occur in 
flat zero-mode directions) leads to the rotational spec- 
trum discussed in the previous section [that is rigid-rotor 
quantization] . The vibrational modes are orthogonal to 
those zero modes." Given theses assumptions, it is shown 
that vibration-rotational coupling only becomes impor- 
tant when the moment of inertia changes substantially 
which occurs at e ~ N*. 

However, the assumption that the exotic motion is as- 
sociated with zero modes and thus do not mix with vi- 
brational motion due to orthogonality was assumed with- 
out proof to be true in analogy with problems without 
a Wess-Zumino term. This assumption doe not appear 
to be correct. In the first place, the classical motion 
associated with exotic motion is not associated with a 
zero mode due to the presence of the Wess-Zumino term. 
This was shown in subsection llV Bl where it was seen that 
classical zero modes are associated with quantum states 
that have level spacing which go to zero as the large N c 
(classical) limit is taken. Exotic states are not in this 
class. Moreover, in subsection IV Bl it was shown explic- 
itly that the classical motion associated with exotic states 
were not zero modes; rather, they were Landau orbits 
with a nonzero frequency. Secondly, for exotic quantum 
numbers, the collective motion does mix with the vibra- 
tional motion at leading order as is shown explicitly in 
eq. H5.14fl . Thus, the assumption underlying this general 
part of the critique seems to be wrong. 

Finally, we consider part iii) of the critique. This con- 
sists of studies with a toy model with both vibrational 
and rotational degrees of freedom and with an analog of a 
Wess-Zumino term. The model considered was a charged 
particle moving in the field of a magnetic monopole and 
subject to a spherically symmetric potential with a mini- 
mum at r = R. In this model, it is shown that rigid-rotor 
quantization only becomes inaccurate when the moment 
of inertia is altered substantially — an effect which occurs 
when the exoticness is of order N c . However, this model 
is a very poor analog of the problem of interest. Recall 
that the danger posed to rigid-rotor quantization is the 
mixing of the collective modes with vibrational modes 
which carry the same quantum number. Note that in the 
toy model considered here the exotic motion carries an- 
gular momentum (also note that the exotic states corre- 
spond to states with different J) while the only vibrations 
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allowed in this model are radial vibrations which do not 
carry angular momentum. In this model there is noth- 
ing for the collective modes to couple to at lowest order 
and rigid-rotor quantization works. However, as soon as 
the model is rich enough to include vibrational degrees of 
freedom with the same quantum numbers as the collec- 
tive motion (as, for example, in the model of subsection 
IV C(l . the rigid- rotor quantization fails. 

To summarize this section, DP make a three part cri- 
tique at the analysis of time scales given in subsection 
II V Bl and in ref. [ljj. However, the first two parts of the 
critique are based on faulty assumptions, while the third 
part is based on a model which is not an analog of the 
relevant problem. 



itself to describe scattering. Moreover, by imposing the 
I = J rule on such scattering one can predict that the 9 + 
has low- lying partners (at least) at large -/V c 0]- These 
partners are related in much the same way as the A is to 
the nucleons except that both states have widths which 
are of order N®. The quantum numbers of such partner 
states are enumerated in ref. |42(. 
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VII. DISCUSSION 

This paper presents strong evidence that rigid-rotor 
quantization is not justified on the basis of large N c con- 
siderations. The important issue is what this tells us 
about the nature of the + and other possible exotic 
states. 

One possibility is that the analysis based on the rigid- 
rotor quantization is, in fact, well justified despite the 
arguments given in this paper. Note that this paper does 
not show that rigid-rotor quantization is necessarily in- 
valid but rather that it is not justified due to large N c 
QCD. It remains possible that it is justified due to some 
other reason. (For example, in the toy model in sub- 
section IV CI rigid-rotor quantization was justified if the 
parameters of the model had io v 3> to r ). This would be 
most satisfactory in that the very successful prediction 
of the phenomenology based on rigid-rotor quantization 
would remain. However, if correct, it raises a very im- 
portant theoretical question: namely, what justifies the 
rigid-rotor quantization? A second possibility is that the 
rigid-rotor quantization is not justified. In this case, the 
accurate prediction of the mass and the prediction of a 
narrow width in rigid-rotor quantization would have to 
simply be dismissed as fortuitous. 

In either case, large N c QCD by itself does not appear 
to allow one to understand the structure of this state. In 
this respect, the 9 + is quite unlike the A and is like the 
more typical excited baryons. As with such baryons it 
may well be that the best phenomenological treatments 
may be based on models whose connections to QCD are 
quite tenuous. 

The lack of validity of the rigid- rotor quantization does 
have one important phenomenological consequence. If 
the exotic states were of a collective character one could 
not justify treating meson-baryon scattering in exotic 
channels via a simple linear response theory in the con- 
text of chiral soliton models. After all, one cannot use 
linear response to describe pion-nucleon scattering at the 
A resonance in the Skyrme model|38ll43j|. However, be- 
cause these exotic resonances are of a vibrational char- 
acter, linear response is justified. This is useful in and of 



APPENDIX A: QUARK BASED DERIVATION 
OF THE WESS-ZUMINO CONSTRIANT 

In Skyrme- type models eq. 1(2.5(1 . which constrains the 
allowable representations follows directly from the Wess- 
Zumino term (which topology fixes to have a strength 
which is integer and can be identfied identified with N c 
|23). At a more pedestrian level, it can also be easily 
understood at the quark level for models with explicit 
quark degrees of freedom. In the body-fixed frame the 
baryon number of the unrotated hedgehog is associated 
with the SU(2) sub-manifold. The body-fixed hyper- 
charge is also associated with this sub-manifold. One 
can relate the body-fixed hypercharge to the body-fixed 
SU(3) generator as usual so that Y' = — 2J's/v3. The 
baryon number, hypercharge and strangeness are related 
linearly. The appropriate relation for arbitrary N c is 



Note that eq. IjAlfl does not coincide with the familiar 
relation Y = B + S except for N c = 3. For arbitrary N c 
eq. QA 1(1 may be obtained from the known hypercharges 
of up, down and strange quarks: 

Y u = 1/3 Y d = 1/3 Y s = -2/3 . (A2) 

(These are the standard hypercharge assignments for 
quarks at N c = 3. It is straightforward to see that 
these assignments must hold for any N c provided hy- 
percharge is isosinglet and traceless in SU(3) and has 
the property that the hypercharge of mesons is equal to 
the strangeness.) Each quark carries a baryon number 
of 1 /N c while the strangeness is zero for u and d quarks 
and -1 for s quarks. The combination of hypercharge, 
strangeness and baryon number assignments can only be 
satisfied if eq. I(A1(I holds. Finally, observe that in the 
body-fixed frame, the SU(2) sub-manifold by construc- 
tion has zero strangeness; thus, eq. ((Al() requires that 
Y' = N c B/i and the quantization condition in eq. 1(2.5(1 
immediately follows. 
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